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We propose a simple fixed point scenario in the renormalization flow of a scalar dilaton coupled to 
gravity. This would render gravity non-perturbatively renormalizable and thus constitute a viable 
theory of quantum gravity. On the fixed point dilatation symmetry is exact and the quantum 
effective action takes a very simple form. Realistic gravity with a nonzero Planck mass is obtained 
through a nonzero expectation value for the scalar field, constituting a spontaneous scale symmetry 
breaking. Furthermore, relevant couplings for the flow away from the fixed point can be associated 
with a "dilatation anomaly" that is responsible for dynamical dark energy. For the proposed fixed 
point and flow away from it the cosmological "constant" vanishes for asymptotic time. 
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During the recent years, much evidence has been col- 
J lected for gravity to be asymptotically safe [TJ , allowing for 
f**) a non-perturbative quantization [2] . Functional renormal- 
{SJ ization group methods [3J 0] have been used to show that 
» , the ultraviolet fixed point has remained rather robust for 
CLmany extended truncations beyond Einstein-Hilbert grav- 
ity [5HS] , thereby supporting and extending the results from 
various different investigations of the asymptotic safety sce- 
^^nario [TUIITT]. Most recently, the attention was drawn to es- 
tablishing a smooth trajectory from the ultraviolet regime 
i— towards the infrared limit [P2lll4| . The main ingredient of 
f^ the fixed point is the ultraviolet scaling of the Planck mass 
I proportional to the renormalization scale k. 
jr"" 1 For an exact fixed point dilatation, or scale, symmetry 
(— < is exact. In general this entails an appropriate rescaling 
i— of the fields, usually including anomalous dimensions. The 
scale symmetry should be reflected in the quantum effective 
action in the limit where the infrared cutoff k is sent to 
J^zero. To date, the form of the quantum effective action 
t-4- associated with the fixed point in Einstein-Hilbert gravity 
r~Lis still disputed. Furthermore, in this theory the flow of a 
J"""- relevant parameter away from the fixed point is needed in 
_J order to end up with a non- vanishing Planck mass. 
f— •) In this note we consider the system of a scalar field cou- 
C^pled to gravity. In the presence of a dilaton field x it i s 
i-H straightforward to construct effective actions with dilata- 
►> tion symmetry [15HI 7| . We will argue that a corresponding 
rather simple fixed point is present in the functional flow 
equations for the dilaton coupled to gravity that we may 
^j associate with "dilaton quantum gravity" . This fixed point 
is associated to functions of y = x 2 /k 2 that do not change 
during the flow. In this sense it involves infinitely many 
couplings of the dilaton-gravity system. 

We investigate the functional flow within a simple trun- 
cation for the effective average action, 
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T fe = J d^x^g (v k ( X 2 ) - \F k ( X 2 ) R + \g^d, 

'(I) 
where R is the curvature scalar. The potential 14 (x 2 ) and 
the coupling function \F k {x 2 ) are generic analytic func- 
tions of the square of the scalar field x- The renormaliza- 
tion group flow of an action of the type (TlJ) was first inves- 
tigated in [9]. As a first approach, we use a simple kinetic 
term for Xi leaving the multiplication of the last term with 
a wave function renormalization Zk(x) f° r future work. 
Our aim is a study of the flow of the functions Vk and 



Fk as a function of the infrared cutoff ~ k. Effectively, this 
cutoff ensures that only quantum fluctuations with (covari- 
ant) momenta |g| > k are included in the computation of 
the effective average action T^- In four dimensions, \ has 
dimension mass and we introduce dimensionless functions 
v k (y) and f k (y) through 



Vk = k y v k (y), F k = k yfk(y), where y 



k 2 ' 



(2) 



Our main suggestion is that the flow of the truncated effec- 
tive action (fTl) has a fixed point for which the dimensionless 
functions v and / become independent of the renormaliza- 
tion scale k. They obey the asymptotic properties 



lim f(y) = £ and lim v(y) = 0. 



(3) 



Such a fixed point scenario has striking consequences. 
At the end, we are interested in the limit k — > 0, where 
all quantum fluctuations are included. For any nonzero 
value of x, this corresponds to y — > oo, such that the quan- 
tum effective action for the dilaton-gravity system takes 
the simple form 
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This action is dilatation symmetric, as it should be for 
an exact fixed point. For any nonzero expectation value 
of x dilatation symmetry is spontaneously broken, thereby 
generating a physical mass scale. The associated Goldstone 
boson is massless and will be referred to as the dilaton. The 
action Q describes a viable theory of gravity. 

Indeed, performing a canonical Weyl scaling of the met- 
ric g^u and using a rescaled scalar field cf>, the effective 
action Q becomes the Einstein-Hilbert action coupled to 
a massless scalar field, namely 
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d 4 x y /g-[-g^d^d^--M 2 R 



(5) 



The scale M characterizes the spontaneous breaking of di- 
latation symmetry, (x) = M/y^. In this normalization M 
equals the reduced Planck mass, related to Newtons con- 
stant by G^ 1 = 87rM 2 . Thus the physical content of the 
effective action (4| is Einstein gravity coupled to a massless 
dilaton. The dilaton plays no role in late cosmology [IB] . 
unless further "dilatation anomalies" are generated. 



We are interested in the behavior of possible fixed point 
solutions for large y. In this region the properties of the 
fixed point are rather simple. The main ingredient will be 
the simple observation that for large y and nonzero 



/o = lim fk(y) 



y->oo 



the strength of the gravitational interaction is given by 
/o~ x~ 2 ■ For the gravity induced flow of the dimensionless 
quantities only the dimensionless combination ff y _1 can 
be of relevance. However, this quantity vanishes for y — > oo 
and the gravitational interactions are absent in this limit. 
For y — > oo and v (y — > oo) — > one is then left with a 
free scalar field. In turn, for a free scalar field the flow 
cannot induce a nontrivial x-dependent effective potential, 
such that only a constant term can flow in V k - For large 
y, the leading term in v k is then proportional to y~ 2 and 
vanishes for y — > oo, such that at the fixed point 



lim v(y) = v_2 y 



2/->oo 



(7) 



For a vanishing strength of the gravitational interaction 
the leading term in the gravitational sector of the effec- 
tive action does not flow either. Thus /q does not de- 
pend on k, establishing the asymptotic behavior pi) with 
£ = linifc_>o./o- Considering the fixed point ([3]) we will 
find that the dominant correction to F k is a term ~ fc 2 , 
resulting in an asymptotic form for large y given by 



lim /(y) = £ + /_! if 



(8) 



Flow equations. In order to quantify the results of the pre- 
vious section, let us now turn to the explicit flow equations 
for the dimensionless functions f k {y) and v k (y). The flow 
at constant values of y takes the general form (t = ln(fc//z)) 

d t v k (y) = 2yv' k (y) + ^( v , 



dtfk(y) = 2yf k (y) + -C F . 

y 



(9) 



We employ the infrared cutoff introduced in [jj], which is 
based on [18 . Then our computation of Cv and Cf yields 
in dcDonder gauge and for the truncation (ffl) 
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(6) Here we employ 



V = y 2 v k (y) , F = y f k (y), 

Vo = \f-V , A = (WySg' + EoEi), 

Ei = I + 2y' + 4yl/" , E 2 = F' + 2yF". (II) 

The contributions 
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arise from the field dependence in the cutoff. They vanish 
for y — ► oo and neglecting these contributions altogether 
does not change the structure of the results obtained. The 
flow equations J9J) are in complete accordance to what was 
found in [9]. 

The flow generators Cv and C,f are expressed in terms 
of Vk (y) and f k (y) as well as their first and second deriva- 
tives with respect to y, denoted by primes. They also in- 
volve y explicitly. The terms 2yv' k (y) and 2y f' k (y) arise 
in equations fcfy when transforming from flow equations 
at fixed x to the corresponding equations at fixed y, with 
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d t F k I = d t fk I = d t fk L +/fcd 4 y 



(13) 



and similarly for dtv k . The functions Cv and £p are defined 
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(24 y F' E' + 2E + FE X ) - 6y (3 F' 2 + 2E^ 2 ) 
2y E E' (7 F' - 2V") (Ei - 1) + 2 E 2 E 2 



Cy = F 9 * 14 lx ' Cf = fc^ F * 



(14) 



We first investigate the generators (y and Cf in the limit 
y — > 00. In this limit we expand v and / in inverse powers 
of y 



v(y) = wo + w-iy 1 +u_ 2 y 2 + 
/(V) = /o+/-i2/- 1 + .-.. 



(15) 



Equations ( 10 ) yield 



lim ( v = Cv , lim Cf = Cf, 

y— >-oo y— foo 
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where the limits depend on /a and wq. We concentrate on 
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We are interested in fixed point solutions f*(y),v*(y) 
for which dtfkiv) — 9tVk{y) = 0. The contributions ~ dtfo 
vanish in this case. In the limit y — > oo equations (pM are 
then easily solved by 
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(18) 



This coincides with the expectations ([7]), Q, with v*L x = 
and v*_ 2 = Cv/4, fl x = Cf/2. 

Scaling Solution. The most immediate global fixed point 
solution to the flow equations ^ is given by setting both 
V and F equal to a constant. This corresponds to Einstein- 
Hilbert gravity with an additional scalar field Xj which cou- 
ples to gravity only through the metric g^. This solution 
obeys equation ([9]) exactly for all y and is numerically given 
by 

V = y 2 v{y) = 0.008620 and F = yf{y) = 0.04751. 

(19) 

In order to gain insight into other classes of solutions, we 
have performed an expansion of /* (y) and v* (y) in powers 
of y~ x including the order y~ 8 . The result depends on the 
value £ which is not fixed at this stage. The series shows 
excellent apparent convergence for y > y — 1/(10 1£|). The 
convergence for smaller y can be improved by a Pade ap- 
proximation, which we call Vp a de and -Fp a d6, respectively. 
We show the result in figure [T] where numerator and de- 
nominator are expanded up to order y~ A . The Pade ap- 
proximation satisfies the fixed point equations to good ac- 
curacy for y > yo ~ 1/(100£). 

We emphasize that the flow equations pi are meaningful 
only if the relevant inverse propagators E and A in the 
spin 2 and spin sector remain positive for all y. These 
quantities correspond to the inverse graviton and scalar 
propagators in the presence of the cutoff k. For y — > oo 
one has S = h^V^x = 1, A = |£(1 + 6£)y such that 
So and A are positive provided £ > 0. We have checked 
that the positivity of So and A also holds for the Pade 
approximation for the values of £ shown in figure [TJ and [2j 

The positivity requirement for the propagators singles 
out asymptotic solutions for y — ¥ oo for which v < 0. In 
fact, the asymptotic fixed point solutions of equations Q 



FIG. 1: Taylor expansions for F(y) at y = oo with £ = 1000, 
truncated at y° to y~ s and Pade improvement including powers 
of y~ 4 in both numerator and denominator. The splitting up 
of the Taylor series at the radius of convergence points to a 
breakdown of perturbation theory. 



have also solutions with vq ^ 0, with 
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and corresponding values for the coefficients in the y 1 - 
expansion v*_ 2 = -0.00317 and f* t = 0.0073. (One also 
finds constant values for (v and Cf in case of /o = 0. 
They differ from equations (20) and (17).) For vo ^ the 
asymptotic form V = Voy 2 , F = £y implies a negative S if 
vo > 0, rendering the propagation of the graviton unstable. 
With S = — voy 2 , Si = \2voy, one has A = 36vq?/ 3 which 
remains positive for arbitrary y ^ 0. 

Furthermore, we require that the potential V\ in our 
ansatz is bounded from below in order to describe a 
stable theory. This holds for an asymptotic behavior with 
Vo > 0. Combining the two requirements of a positive in- 
verse propagator and a bounded potential only the asymp- 
totic behavior vo — is left. This absence of a term ~ voy 2 
is the crucial ingredient for the absence of a cosmological 
constant after Weyl scaling in Q. 

The region of small y < yo is more difficult to access. 
One may investigate a Taylor expansion around y = for 
the functions F = yf*(y) and V = y 2 v*(y), 



F = yf = F Q + F iy + F 2 y 2 + . 
V = y 2 v = V Q + V iy + V 2 y 2 + 



The fixed point equations 



( F -2F + 2yF' = 0, 
( v -W + 2yV' = 0, 



(21) 



(22) 



require that the constant terms in £p and (y equal 2.Fo 
and 4V£), respectively. In turn, these constants £ F and 
Cy involve Fq,Fi and Vo,Vi. The system is not closed, 
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FIG. 2: Taylor expansion at y = with V = 6.2 x 10 3 and 
Fo — 2.3 x 10~ 2 , Pade approximation at y = oo with £ = 1000 
and the exponential ansatz (23 1 matched at y = 5 x 10~ 6 for 



the fixed functions V(y) and F(y). 



and this property extends to higher orders in the Taylor 
expansion. For given Fq and Vq the Taylor expansion shows 
apparent convergence and we have expanded up to y 5 . We 
matched the Taylor expansion to the Pade expansion by 
the ansatz 



iWy) = Baylor (v) + e^i^), 
V cxp (y) = ^Taylorfe) + e^'WM, 



(23) 



where -Frayior, Vrayior are the Taylor expansions to order 
y 5 and F e) V e are polynomial functions of y to order y 2 . 
The coefficients of F e and V e are determined by matching 
the values and derivatives of F and V at some fixed y = 
2/o- We show the result in figure [2l for which we have 
determined Fo and Vq as well as the parameter c by varying 
their values around the limits of the corresponding Pade 
approximations for y — > and optimizing the result as an 
approximate solution to equation Q. 

The solution shown in figure [2] is only approximate. Fur- 
ther analysis will be needed to establish a global scaling 
solution. It is well conceivable that an exact fixed point 
exists only for one particular value of £. The true fixed 
point could also occur for a negative sign of the scalar ki- 
netic term, or for a function Z(y) multiplying this term 
which changes sign as a function of y. For the time being 



we assume that an exact fixed point can finally be estab- 
lished and we explore further consequences of this scenario. 

Flow Away from the Fixed Point. In contrast to the asymp- 
totic freedom scenario in Einstein gravity there is no need 
to depart from the fixed point for the realization of a real- 
istic model of gravity. In Einstein gravity the Planck mass 
is an intrinsic scale that violates dilatation symmetry. It 
is generated by the flow departing from the fixed point. 
In the language of critical phenomena the squared Planck 
mass corresponds to a relevant parameter. For a trajectory 
exactly on the fixed point the Planck mass would vanish. 
In contrast, in dilaton gravity a trajectory exactly on the 
fixed point can well describe gravity. Dilatation symmetry 
is then exact and this version of quantum gravity would 
correspond to a regularization that preserves exact dilata- 
tion symmetry |T6l US] . The Planck mass is generated by 
spontaneous dilatation symmetry breaking through the ex- 
pectation value (x). 

Nevertheless, the exact realization of the fixed point tra- 
jectory is not necessary. We may also discuss models of 
gravity where the renormalization flow starts very close to 
the fixed point in the ultraviolet, but the trajectory ulti- 
mately departs from the exact fixed point. This is analo- 
gous to asymptotic freedom in non-abelian gauge theories 
where the gauge coupling goes to zero for an infinite mo- 
mentum scale (Gaussian fixed point), while for any finite 
arbitrarily large value of the scale it has a non-zero value. 
We will next show that this type of trajectory also leads to 
realistic gravity. It even entails an interesting cosmology 
with dark energy of the quintessence type. 

We are interested in the range of large y or small k 2 <C 
\ 2 - Deviations from the fixed point flow are most easily 
investigated by flow equations at fixed \- A good approxi- 
mation to the flow equations for V and F is then given by 
equation (14) with constant (y and Cf, namely 



d t V = Cvfc 4 , d t F = ( F k 2 



(24) 



We look for solutions of equations ( 24 ) which respect the 
asymptotically constant values of (V and £f . Solutions of 
this type are simply 
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Indeed, the % 2 -independent integration constants V and F 
do not influence the value of (v and (f- These constants 
contribute to C,v and C,f only in the order y~ x . This con- 
trasts with the addition of a term fh 2 x 2 to the potential V. 
Even though this would formally still constitute a solution 
to equation p4| , the values of (V and (f would be altered 
for the range fh 2 jk 2 > £, since the asymptotic behavior of 
E and A for y — » oo is modified. We observe that V is 
a relevant parameter. The value of the dimcnsionless ratio 
V/k 4 is dominated by V for k — > 0. In the limit k — > the 
integration constant V appears as a type of cosmological 
constant in the Jordan frame. Also F remains important 
for k — > 0, but this is limited to £x 2 S F- Both V and F 



introduce explicit mass sales and break dilatation symme- 
try. For barF and V different from zero the range of small 
X with £x 2 ^ F resembles strongly the setting of Einstein- 
Hilbert gravity. The interesting new aspects of the present 
work concern the range £% 2 ^ F. 

In the presence of nonzero V and F the effective action 
of dilaton quantum gravity becomes for k — > 
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generalizing equation Q. A cosmological constant in the 
Jordan frame has cosmological consequences that differ 
strongly from a cosmological constant in the Einstein frame 
[T5] . This can be seen by a Weyl scaling 
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combined with a rescaling of the scalar field 
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In terms of the new variables the effective action ( 26 1 reads 
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The cosmon potential 



V(<p) = Vexp 



2tp 
"M 



(29) 



decreases exponentially for large ip/M. Adding radiation 
and matter the cosmology described by the associated field 
equations admits for large tp/M a typical scaling solu- 
tion with a fixed fraction of dynamical dark energy or 
quintessence. This holds for a negative sign of the scalar 
kinetic term in equation 11]), with a suitable range of F for 
which the model remains stable. Our discussion can be ex- 
tended to this case. For solutions where tp goes to infinity 
for asymptotic time the "cosmological constant" vanishes 
asymptotically. 

We conclude that a fixed point with the asymptotic be- 
havior (13| shows highly interesting properties. It would re- 
sult in non-perturbatively renormalizable quantum gravity 
with a scale invariant quantum effective action Q. This 
action contains no term ~ \ due to v = 0. The ab- 
sence of such a term ensures the vanishing of the cosmo- 
logical constant in the Einstein frame. Furthermore, devi- 
ations from exact scale invariance can lead to dark energy 
cosmology with an asymptotically vanishing "cosmological 
constant" . These interesting aspects may motivate the sub- 
stantial work that is required in order to firmly establish 
such a fixed point. 
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